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Abstract How to handle uncertainty in medical diagnosis is an open issue.
In this paper, a new decision making methodology based on Z-numbers is pre-
sented. Firstly, the experts’ opinions are represented by Z-numbers. Z-number
is an ordered pair of fuzzy numbers denoted as Z = (A,B). Then, a new
method for ranking fuzzy numbers is proposed. And based on the proposed
fuzzy number ranking method, a novel method is presented to transform the
Z-numbers into Basic Probability Assignment (BPA). As a result, the infor-
mation from different sources is combined by the Dempster’ combination rule.
The final decision making is more reasonable due to the advantage of infor-
mation fusion. Finally, two experiments, risk analysis and medical diagnosis,
are illustrated to show the efficiency of the proposed methodology.
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1 Introduction
With the development of society, a lot of harmful substances have affected
human health, which leads to a high probability of human diseases. Therefore,
medical diagnosis [39] is particularly important. However, there is still a seri-
ous lack of effective methods in addressing medical diagnostic problems. As a
result, how to realize effectively medical diagnosis is still an open issue.
Medical diagnosis belongs to the application of computers in decision-
making and artificial intelligence. Up to now, the study on medical diagno-
sis has been done by many scholars [39,18,11,33]. In 2016, Kathryn Z [24]
examined the relationship between Opioid Use Disorder diagnosis, PTSD di-
agnosis with NMOU, and average monthly frequency of NMOU. Woolard et
al. [42] introduced a retrospective study to show the extent of compliance with
perioperative guidelines in patients. In [1], the recent development of mobile
detection instruments used for medical diagnosis was reviewed. The features of
GGT in patients that improve diagnosis efficiency were tried to unravel in [34].
However, these methods above do not take into account fuzzy concept and un-
certainties of medicine. In fact, due to the own characteristics of medicine [28,
5,13], more fuzzy concept and more uncertainties, some mathematics methods,
which have the ability to deal with the fuzzy and uncertain information, are
needed for solving medical diagnosis problems. Recently, fuzzy mathematics
[46] and Dempster-Shafer (DS) evidence theory [37,12,16,39] are widely ap-
plied in medical diagnosis, since they could reasonably model uncertainty and
fuzzy information and describe them. Wang et al. [39] adopted fuzzy soft sets
based on ambiguity measure and Dempster-Shafer evidence theory, and the
method was applied in medical diagnosis. Recently, a theoretical model [27]
has been created to calculate the probabilities of hypothetical patients having
designated diseases. And then based on the theoretical model, a fuzzy proba-
bilistic method was presented to estimate the probability of a patient having a
certain disease. In [29], an application of GIFSS that was defined by Michalski
demonstrated through a practical example of a multi-criteria medical diagno-
sis problem. Fuzzy soft set theory was applied through well-known Sanchez’s
approach for medical diagnosis using fuzzy arithmetic operations [6]. In [9], an
extended QUALIFLEX approach for dealing with a medical decision-making
problem [36] in the context of interval type-2 fuzzy sets was proposed. Jose
[25] proposed a new methodology to combine fuzzy rule-based classification
systems with interval-valued fuzzy sets [26], which is a suitable tool to face
the medical diagnosis. An approach which combines intuitionistic trapezoidal
fuzzy numbers with inclusion measure for medical diagnosis was proposed by
Wang [41]. Yang [45] used a linear regression model based on trapezoidal fuzzy
numbers to predict which readings in the outlying data vector are suspected
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to be faulty for medical diagnosis. Some similarity measures [10,38] which
can applied in medical diagnosis are proposed. In [32], a weighted similarity
measure on intuitionistic fuzzy soft sets for medical diagnosis are presented.
In fuzzy mathematics [46,40], fuzzy numbers [17,43,19], could describe
human perception and subjectivity and could be able to handle uncertain
or imprecise information [14] to some extent. But in the actual research, we
found that reliability of information in decision environment such as medical
diagnosis, is very important too. If only to rely on the function of the fuzzy
numbers, there may exist the limitation to appropriately describing reliability
of information. In order to solve this problem, Zadeh [47] extended the concept
of fuzzy numbers via introducing a new concept of Z-number. Z-number, a 2-
tuple fuzzy number, includes the restriction of the evaluation and the reliability
of human judgement. Z-number, which contains two components, is an ordered
pair of fuzzy numbers [47]. The first fuzzy number is used to represent the
uncertain information in evaluation, and the second fuzzy number is used to
measure the reliability or confidence in truth or probability. Therefore, Z-
number can describe the level of human judgment and can be more effectively
applied in decision-making such as medical diagnosis, fault diagnosis [44].
However, in the procedure of applying Z-numbers such as decision-making,
we have to face an issue, that is how to address the restriction and the relia-
bility of Z-number [47]. Up to now, the study on Z-number has been done by
some scholars. Ever since Kang et al. [23] proposed an approach to convert
Z-numbers into fuzzy numbers, in which the second component is defuzzified
to a crisp number, numerous researchers proposed some useful methods to deal
with the problems in the uncertain environment by applying the approach [23].
In order to address linguistic decision making problems, Kang et al. [22] pre-
sented a MCDM method with Z-numbers based on the method introduced in
[23]. Bakar [4] introduced a multi-layer method to rank Z-numbers, in which
there are two layers, namely, Z-number conversion and fuzzy number rank-
ing. In [30], Mohamad et al. proposed a decision making procedure based on
Z-numbers, in which Z-numbers are first transformed to fuzzy numbers, and
then a ranking fuzzy number method is later used to prioritize the alterna-
tives. In all of the above described methods, a Z-number is transformed into
a fuzzy number or a generalized fuzzy number via converting the second com-
ponent to a crisp number. However, according to [2], to convert the second
component to a crisp number may lead to the loss of original information, and
will exist an unreasonable situation, that is, two different Z-numbers may be
converted to the same fuzzy number. Obviously, some existing methods for
addressing Z-numbers still have some weaknesses, and how to deal with the
relationship of restriction and the reliability of Z-number has still not been
effectively processed. To address this issue, in the paper, a new ranking fuzzy
numbers method is firstly introduced to process Z-numbers. Then based on
the new ranking method, the BPAs of Z-numbers can be generated, in which
the different importance of the first component and the second component of
a Z-number is considered to make the results more reliable. Finally, in order
to handle the problem of lack of information, Dempster’s combination rule
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[12,37], as a powerful mathematical tool for dealing with incomplete infor-
mation, is applied to fuse the obtained BPAs to make the final decision. In
the proposed decision-making method, instead of converting the second com-
ponent of Z-number into a crisp number, we consider the first component
and second component as two independent fuzzy numbers,which can reduce
the lack of information. To get more effective and reliable diagnosis results
in medical diagnosis, a new medical diagnosis method based on the proposed
decision-making method is proposed in this paper, where Z-numbers are used
to represent the medical diagnostic information.
The remainder of this paper will be organized as follows. In Section 2, some
definitions and concepts are introduced. In Section 3, a new ranking method
for fuzzy numbers is proposed. In Section 4, a new method to determine BPA
based on Z-numbers is proposed. In Section 5, the proposed method is applied
in medical diagnosis. In Section 6, the conclusions are made.
2 Preliminaries
In this section, some concepts used in this paper will be introduced.
2.1 Generalized trapezoidal fuzzy number [8,7]
In a universe of discourse X , the membership function µ(x) of a fuzzy number
maps each element x in X to a real interval [0, 1]. The membership function
µA(x) of a generalized trapezoidal fuzzy number A = (a, b, c, d;w) is defined
as follows:
µA(x) =


0, x < a,
(x−a)
(b−a) , a ≤ x ≤ b,
w, b ≤ x ≤ c,
(x−c)
(d−c) , c ≤ x ≤ d,
0, x > d.
(1)
2.2 Z-number [47]
A Z-number Z = (A,B), shown as Fig. 1, contains two components. The first
component A is a restriction on the values which X can take. The second
component B is a measure of reliability of the first component A. According
to [47], (A,B) is an ordered pair of fuzzy numbers. Typically, A and B are
described in a natural language [47]. Example: (about 37 min, very-low).
In this paper, in order to properly deal with the problems in the uncertain
environment such as medical diagnosis, the first component A and the second
component B are described in natural language applying 9-member linguistic
terms. 9-member linguistic terms are shown in Table 1.
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Fig. 1 Z-number Z = (A,B)
Table 1 9-member Linguistic Terms for two components of Z-number
Linguistic Terms the first component the second component
Absolutely-low (0,0,0,0;1.0) (0,0,0,0;1.0)
Very-low (0,0,0.02,0.07;1.0) (0,0,0.02,0.07;1.0)
Low (0.04,0.1,0.18,0.23;1.0) (0.04,0.1,0.18,0.23;1.0)
Fairly-low (0.17,0.22,0.36,0.42;1.0) (0.17,0.22,0.36,0.42;1.0)
Medium (0.32,0.41,0.58,0.65;1.0) (0.32,0.41,0.58,0.65;1.0)
Fairly-high (0.58,0.63,0.80,0.86;1.0) (0.58,0.63,0.80,0.86;1.0)
High (0.72,0.78,0.92,0.97;1.0) (0.72,0.78,0.92,0.97;1.0)
Very-high (0.93,0.98,1.0,1.0;1.0) (0.93,0.98,1.0,1.0;1.0)
Absolutely-high (1.0,1.0,1.0,1.0;1.0) (1.0,1.0,1.0,1.0;1.0)
For example, an expert diagnosed a patient. The expert’s diagnoses are
represented by Z-numbers, shown as follows:
Z1 = (High probability that the patient has caught a Common− cold,
V ery − high) = (High, V ery − high),
Z2 = (Low probability that the patient suffering from Meningitis,
V ery − high) = (Low, V ery − high),
Z3 = (Absolutely − low probability that the patient suffering from
Measles, V ery − high) = (Absolutely − low, V ery − high).
According to Table 1, the diagnoses above can be described as follows:
Z1 = ((0.72, 0.78, 0.92, 0.97; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0)),
Z2 = ((0.04, 0.1, 0.18, 0.23; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0)),
Z3 = ((0, 0, 0, 0; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0)).
2.3 Dempster-Shafer evidence theory [37,12]
Let Θ be the frame of discernment:
Θ = {d1, d2, ..., di, ..., dn}.
The BPA of di meets the following conditions:
m : 2Θ → [0, 1],
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∑
di⊂Θ
m(di) = 1,
m(∅) = 0.
The BPA represents the degree of evidence support for the proposition
of di in recognition framework. For example, m(∅) represents the degree of
evidence support for empty set.
The Dempster’s combination rule is defined as follows:
m(A) =
1
1− k
∑
B∩C=A
m1(B)m2(C), (2)
where k =
∑
B∩C=∅
m1(B)m2(C).
The Dempster’s combination rule could be effectively applied in decision-
making such as medical diagnosis [39].
2.4 Maximal entropy model [35]
The Maximal entropy method (MEM) was presented by O’Hagan [35] in 1988.
The MEM can get weights of parameters by solving a maximal entropy model.
In this paper, MEM is applied to obtain the weights of parameters based on
the different importance of them.
The maximal entropy model [35] can be defined as follows:
Maximize Disp(w) = −
n∑
i=1
wi lnwi,
S.t. orness(w) = α = 1
n−1
n∑
i=1
(n− i)wi, 0 ≤ α ≤ 1,
n∑
i=1
wi = 1.
(3)
where wi ∈ [0, 1] , i = 1, ..., n.
3 The proposed method for ranking fuzzy numbers
In many applications of Z-numbers, such as decision-making, how to deal with
Z-numbers is an important issue. In this paper, in the procedure of handling Z-
numbers, ranking fuzzy numbers [43,31,7,3,20] becomes an important process.
In this part, a new ranking fuzzy numbers method is proposed for dealing with
Z-numbers.
Firstly, the three scoring factors (or three factors affecting score) of the
fuzzy number, i.e., the defuzzified value, height and spread, are calculated.
Then, considering the different importance of the three scoring factors, differ-
ent weights are assigned to them. Finally, ranking score of fuzzy number is
defined, which reflects ranking order of the fuzzy number. Let A be a fuzzy
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w
Fig. 2 Fuzzy number A = (a, b, c, d;w)
number [?,?], A = (a, b, c, d;w), as shown in Fig. 2, where a, b, c and d are
real values, w denotes the height of the fuzzy number A, and w ∈ [0, 1]. The
proposed method for ranking fuzzy numbers is now shown as follows:
Step 1: The defuzzified value xA, height hA and spread STDA of fuzzy number
A are calculated separately, described as follows:
xA =
∫ b
a
xfLdx+
∫ c
b
xfT dx+
∫ d
c
xfRdx∫ b
a
fLdx+
∫ c
b
fTdx+
∫ d
c
fRdx
, (4)
hA = w, (5)
STDA =
√∑4
j=1 (xj − x¯)
2
4− 1
, (6)
where x¯ = a+b+c+d4 , fL =
(x−a)
b−a
, fT = w, fR =
(x−c)
d−c
.
Step 2: Define a vector V associated with the ordered arguments.
For the three scoring factors xA, hA and STDA, the ranking order of the
importance of them is xA > hA > STDA. Accordingly, xA, hA,
1
1+STDA
,
are arranged in the order of their importance from large to small, namely,
the vector V is defined as follows:
V =

 xAhA
1
1+STDA

 . (7)
Step 3: Calculate the weighting vector W of the three ordered elements of
vector V by the maximal entropy model, shown as follows:
Maximize Disp(w) = −
3∑
i=1
wi lnwi,
S.t. orness(w) = α = 12
3∑
i=1
(3− i)wi, 0 ≤ α ≤ 1,
3∑
i=1
wi = 1,
(8)
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Fig. 3 Variation of the weights with orness degree
where wi ∈ [0, 1], 1 ≤ i ≤ 3,W = [w1, w2, w3]T . The values of w1, w2 and
w3 will be respectively assigned to the three sorted elements xA, hA,
1
1+STDA
of vector V according to their importance. Based on the stated
above, it can be gotten that w1 > w2 > w3, then 0.5 < α < 1 that can
be known in Fig. 3 with i = 3. Generally, the value of α is defined as the
middle value of the interval (0.5, 0.9], namely, α = 0.7.
Step 4: Calculate the value of ranking score H(A) of fuzzy number A, shown
as follows:
H(A) =WTV = w1xA + w2hA + w3
1
1 + STDA
, (9)
where WT is the transpose of weighting vector W . The value of score
reflects the value of ranking order of the fuzzy number. The greater the
value of ranking score, the better the ranking order.
4 The proposed method to determine BPA
Suppose that a test number such as a decision Z = (A,B) = ((x11, x12, x13, x14
;w1), (x21, x22, x23, x24;w2)). The first component of Z is A = (x11, x12, x13,
x14;w1), and the second component of Z is B = (x21, x22, x23, x24;w2). A and
B are two fuzzy numbers denoted in Fig. 2. In this section, we define the
Z-number Z∗ = (A∗, B∗) = ((1, 1, 1, 1; 1.0), (1, 1, 1, 1; 1.0)) as the maximal ref-
erence number and the Z-number Z∆ = (A∆, B∆) = ((0, 0, 0, 0; 1.0), (0, 0, 0, 0;
1.0)) as the minimal reference number. Firstly, the ranking scores of two com-
ponents of Z-number are calculated. Secondly, the weights of the first compo-
nent A and the second component B are obtained by the maximal entropy
model. Thirdly, the deviation degree of the test number Z is defined to repre-
sent the location of the test number Z between the maximal reference number
Z∗ and the minimal reference number Z∆. Then, the similarity measure be-
tween the test number and the reference number Z∗ is defined to denote the
confidence degree of the test number such as a decision. Finally, the BPA is
generated based on the defined deviation degree of the test number Z from
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the reference number Z∗, which can be applied in decision-making such as
diagnosis.
4.1 The steps of the proposed method
The steps of the proposed method is shown as follows:
Step 1: Calculate the ranking score HZ(A) and HZ(B) of fuzzy number A, B
respectively according to Section 3.
Step 2: According to Section 3, calculate the ranking score HZ∗(A
∗) and
HZ∗(B
∗) of fuzzy number A∗, B∗ respectively and calculate the ranking
score HZ∆(A
∆) and HZ∆(B∆) of fuzzy number A
∆, B∆ respectively. The
conclusions can be made as follows:
HZ∗(A
∗) = 1, HZ∗(B
∗) = 1,
HZ∆(A
∆) = 0.446, HZ∆(B
∆) = 0.446.
Obviously, when the value of ranking score is 1, the ranking order is the
best.
Step 3: Calculate the weights of the first component A and the second com-
ponent B based on the maximal entropy model, shown as follows:
Maximize Disp(w) = −
2∑
i=1
wi lnwi,
S.t. orness(w) = α =
3∑
i=1
(2 − i)wi, 0 ≤ α ≤ 1,
2∑
i=1
wi = 1,
(10)
where wi ∈ [0, 1], 1 ≤ i ≤ 3, α = 0.7,W = [w1, w2]T . The different impor-
tance of the first component A and the second component B is considered
in this paper. According to the definition of Z-number [47], the first com-
ponent of Z-number is to describe the uncertainty, while the second com-
ponent, as a measure of reliability of the first component, can influence
but cannot decide the Z-number that can be decided by the first compo-
nent. Obviously, the first component A is more important than the second
component B. Thus the first component A is assigned the larger weight.
Step 4: Defined the deviation degree of the test number Z, shown as follows:
D(Z) =
√
w1(HZ(A)−HZ∗(A∗))
2
+ w2(HZ(B)−HZ∗(B∗))
2
w1(HZ∆(A∆)−HZ∗(A∗))
2
+ w2(HZ∆(B∆)−HZ∗(B∗))
2 ,
(11)
where the deviation degree D of Z represents the location of the test num-
ber Z between the maximal reference number Z∗ and the minimal reference
number Z∆, which can be shown in Fig. 4. Obviously, the confidence de-
gree of the maximal reference number Z∗ is the largest, that is, 100%. The
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larger the value of D, the more far away from the reference number Z∗
the test number Z. Namely, the confidence degree of the test number Z is
lower. The location of the test number Z is shown in Fig. 5. Namely, the
confidence degree of the test number Z is lower.
From Fig. 4, several conclusions can be obtained: firstly, Z ′
∗
represents Z∗
that has been processed; secondly, the location on the circle can only be
on the 14 circle at the lower left corner, since the ranking score HZ(A) < 1
and HZ(B) < 1; thirdly, when the weights of the first component A and
the second component B are not taken into consideration, the deviation
degrees of two different locations on the same circle will be same, which is
unreasonable; fourthly, when the different weights are assigned to A and
B, the deviation degrees of two different locations on the same circle will
be different, which is reasonable. It can be seen that the defined deviation
degree is effective and reasonable.
H(A)       
H(B)       
1
1
0.70.5
0.6
0.446
0.446
0
'*Z
'
1Z
'
2Z
'Z ∆
1( ) 0.3H A∆ =
1( ) 0.4H B∆ =
2 ( ) 0.5H A∆ =
2 ( ) 0H B∆ =
1w
2w
1w
2w
Fig. 4 The deviation degree of the test number Z
Step 5: Generate the BPA of the test number Z. Firstly, the similarity measure
S between the test number Z such as a decision and the reference number
Z∗ is defined, shown as follows:
S = 1−D
= 1−
√
w1(HZ (A)−HZ∗ (A∗))
2+w2(HZ(B)−HZ∗ (B∗))
2
w1(HZ∆ (A
∆)−HZ∗ (A∗))
2+w2(HZ∆ (B
∆)−HZ∗ (B∗))
2 .
(12)
Obviously, the similarity measure between the test number and the refer-
ence number Z∗ denotes the confidence degree of the test number such as a
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decision. The larger the value of similarity measure, the higher confidence
degree of the test number. On the other hand, the similarity measure be-
tween a test number Z and the reference number Z∗ can also be regarded
as the ranking score of Z to get the ranking order of Z.
Then, the BPAs can be gotten by normalizing the obtained similarity mea-
sure S. Finally, in order to address the problem of lack of information, the
obtained BPAs will be fused by Dempster’s combination rule to get the
final decision. In the following subsection, the proposed method will be
made a comparison with the existing methods for ranking Z-numbers to
illustrate the effectiveness and superiority of the proposed methodology.
4.2 A comparison with the existing methods for ranking Z-numbers
In this part, the similarity measure defined in Step 5 in subsection 4.1 is used
as the ranking score of Z-number to rank Z-numbers. In the following, we use 3
sets of Z-numbers in [20] to compare the ranking results obtained by the defined
similarity measure and a number of existing ranking methods to show the
effectiveness and superiority of the proposed method. Let all first components
Ai of Z-numbers in the 3 sets are the same, A = (0.1, 0.3, 0.3, 0.5; 1.0). All the
Bi of Z-numbers are shown in Fig. 5 and the comparison results are shown
in Table 2. According to Fig. 5 and Table 2, we can see the drawbacks of the
existing ranking methods and the advantages of the proposed method:
(1) If second components of two Z-numbers are B1 and B2 in Set 1 of Fig.
5, the ranking result, Z1 < Z2, obtained by the defined similarity measure in
this paper is reasonable and consistent with human intuition, since the truth
that the ranking order of two the second components is B1 < B2 according to
section 3 and the two first components of Z1, Z2 are the same. However, Mo-
hamad’s method, Bakar’s method and Kang’s method can’t correctly address
this situation and get an incorrect ranking order Z1 = Z2, since the fact that
the different Z-numbers get the same ranking order. In this case, it means that
the second component B doesn’t work in Mohamad’s method, Bakar’s method
and Kang’s method, which is not consistent with the concept of Z-number in
[47].
(2) If two second components of Z-numbers are B1 and B2 in Set 2 of
Fig. 5, the proposed method can get the correctly ranking result, Z1 < Z2,
since the fact that the ranking order of two the second components is B1 <
B2 according to section 3 and two the first components of Z1, Z2 are the
same. However, Mohamad’s method, Bakar’s method and Kang’s method can’t
correctly address this situation and get an incorrect ranking order Z1 = Z2,
since the truth that the different Z-numbers get the same ranking order. In
this case, it means that in Mohamad’s method, Bakar’s method and Kang’s
method, the second component B doesn’t work, which is not consistent with
the concept of Z-number.
(3) If two second components of Z-numbers are B1 and B2 in Set 3 of Fig.
5, the ranking result, Z1 > Z2, obtained by the defined similarity measure in
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this paper is reasonable and consistent with human intuition, since the truth
that the ranking order of the two second components is B1 > B2 according to
section 3 and the two first components of Z1, Z2 are the same. However, Mo-
hamad’s method, Bakar’s method and Kang’s method can’t correctly address
this situation and get an incorrect ranking order Z1 = Z2, since the fact that
the different Z-numbers get the same ranking order. In this case, it means that
the second component B doesn’t work in Mohamad’s method, Bakar’s method
and Kang’s method, which is not consistent with the concept of Z-number.
In summary, from Fig. 5 and Table 2, it is obvious that the defined similar-
ity measure in this paper provides a reasonable ranking order and overcomes
the drawbacks of the existing ranking methods. Specially, the proposed method
can be applied in decision-making such as risk analysis and medical diagnosis,
since it uses Z-number as a whole to model, and generates BPAs by taking into
account the different importance of two components of Z-number, and can get
reasonable ranking order. The above summary illustrates the effectiveness and
superiority of the proposed methodology.
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Fig. 5 The second components of Z-numbers
Table 2 A comparison with the existing methods
methods Set1 Set2 Set3
Z1 Z2 Z1 Z2 Z1 Z2
Mohamad’s method [30] 0.0774 0.0774 0.0774 0.0774 0.0774 0.0774
Bakar’s method [4] 0.0288 0.0288 0.0288 0.0288 0.0288 0.0288
Kang’s method [22] 0.3000 0.3000 0.3000 0.3000 0.3000 0.3000
The proposed method 0.2610 0.2663 0.2598 0.2610 0.2278 0.2610
4.3 An illustrative experiment of application
In order to further illustrate the effectiveness of the method, in this part, a
frequently used experiment of application in decision making [30,21] will be
done to compared the proposed method with Mohamad et al.’ method [30] to
validate the effectiveness of the proposed method. Decision making plays an
important role in our real life. Specially, decision making is the main task in
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Table 3 The evaluation of sub-components [30]
Manufactory Sub-components Linguistic values of severity of loss W˜i
M1
C11 W˜11 = (0.12, 0.24, 0.24, 0.36; 1.0)
C12 W˜12 = (0.48, 0.60, 0.60, 0.72; 1.0)
C13 W˜13 = (0.0, 0.12, 0.12, 0.24; 1.0)
M2
C21 W˜21 = (0.72, 0.84, 0.84, 0.96; 1.0)
C22 W˜22 = (0.26, 0.36, 0.36, 0.48; 1.0)
C23 W˜23 = (0.36, 0.48, 0.48, 0.60; 1.0)
M3
C31 W˜31 = (0.84, 1.0, 1.0, 1.0; 1.0)
C32 W˜32 = (0.0, 0.0, 0.0, 0.12; 1.0)
C33 W˜33 = (0.60, 0.72, 0.72, 0.84; 1.0)
Manufactory Sub-components Linguistic values of the reliability R˜i
M1
C11 R˜11 = (0.24, 0.36, 0.36, 0.48; 1.0)
C12 R˜12 = (0.36, 0.48, 0.48, 0.60; 1.0)
C13 R˜13 = (0.48, 0.60, 0.60, 0.72; 1.0)
M2
C21 R˜21 = (0.72, 0.84, 0.84, 0.96; 1.0)
C22 R˜22 = (0.48, 0.60, 0.60, 0.72; 1.0)
C23 R˜23 = (0.36, 0.48, 0.48, 0.60; 1.0)
M3
C31 R˜31 = (0.24, 0.36, 0.36, 0.48; 1.0)
C32 R˜32 = (0.6, 0.72, 0.72, 0.84; 1.0)
C33 R˜33 = (0.0, 0.12, 0.12, 0.24; 1.0)
the medical diagnosis. There are three manufactories M1, M2, and M3 and
each manufactory produces the components C1, C2, and C3, respectively. A
component consists of three sub-components, that is Ci1, Ci2 and Ci3, where
i = 1, 2, 3. To assess the risk faced by each sub-component, the evaluating items
are represented by W˜ik and R˜ik, where 1 ≤ k ≤ 3, 1 ≤ i ≤ 3. W˜ik represents
the severity of loss of the sub-components. R˜ik denotes the reliability of the
decision maker’s opinion on each sub-component. Therefore, the entries of
decision matrix can be represented as Zik(W˜ik, R˜ik).
The severity of the loss of the sub-components and the reliability of the
decision makers’ opinion are shown in Table 3.
Firstly, the risk assessment [15] for manufactory Ci is represented by Z-
numbers, which is shown in Table 4.
Table 4 The risk assessment represented by Z-numbers
M1
C1 Z11 = ((0.12, 0.24, 0.24, 0.36; 1.0), (0.24, 0.36, 0.36, 0.48; 1.0))
C2 Z21 = ((0.48, 0.60, 0.60, 0.72; 1.0), (0.36, 0.48, 0.48, 0.60; 1.0))
C3 Z31 = ((0.0, 0.12, 0.12, 0.24; 1.0), (0.48, 0.60, 0.60, 0.72; 1.0))
M2
C1 Z12 = ((0.72, 0.84, 0.84, 0.96; 1.0), (0.72, 0.84, 0.84, 0.96; 1.0))
C2 Z22 = ((0.26, 0.36, 0.36, 0.48; 1.0), (0.48, 0.60, 0.60, 0.72; 1.0))
C3 Z32 = ((0.36, 0.48, 0.48, 0.60; 1.0), (0.36, 0.48, 0.48, 0.60; 1.0))
M3
C1 Z13 = ((0.84, 1.0, 1.0, 1.0; 1.0), (0.24, 0.36, 0.36, 0.48; 1.0))
C2 Z23 = ((0.0, 0.0, 0.0, 0.12; 1.0), (0.6, 0.72, 0.72, 0.84; 1.0))
C3 Z33 = ((0.60, 0.72, 0.72, 0.84; 1.0), (0.0, 0.12, 0.12, 0.24; 1.0))
14 Dong Wu et al.
Secondly, according to Section 4.1, the BPAs of risk assessment from three
sub-components are calculated based on Eqs. (10-12). The results are presented
in Table 5.
Table 5 The BPAs of risk evaluation from three sub-components
M1 M2 M3 (M1,M2,M3)
C1 0.1326 0.4336 0.3355 0.0983
C2 0.3413 0.2571 0.1062 0.2954
C3 0.1260 0.2758 0.2682 0.3300
Finally, the obtained BPAs are fused by Dempster’s combination rule to
get the final decision to address the problem of lack of information. The re-
sults denote that the manufactories M2 has the highest risk or the highest
probability of failure followed by M3 and M1.
Table 6 A comparison of the proposed method with Mohamad et al.’ method [30]
methods M1 M2 M3 (M1,M2,M3)
Mohamad et al.’ method [30] 0.1049 0.2460 0.0630 0.0000
The proposed method 0.1740 0.5103 0.2866 0.0291
0
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0.7
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°A
°B
(-0.3,  -0.2,  0.2, 0.3; 1)A =ɶ
(-0.2,  -0.1,  0.1, 0.2; 1)B =ɶ
Fig. 6 The symmetrical fuzzy numbers with y axis
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From Table (3-6), it can be seen that compared with Mohamad et al.’
method [30], the proposed method can get correct and reasonable result, that
is, the ranking order of risk is M2 > M3 > M1, since the truth that both
sub-components C1 and C3 made the same assessment, that is, the manufac-
tory M2 has the highest risk and M1 has the lowest risk, which illustrates the
effectiveness of the proposed method. However, Mohamad et al.’ method [30]
gets the incorrect result,M2 > M1 > M3, that is, the manufactoryM3 has the
lowest risk. On the one hand, their incorrect ranking order results from the fact
that Mohamad et al.’ method does not consider the different importance of two
components of Z-number, and their method converts the second component of
Z-number to a crisp number, which may lead to the loss of information. On the
other hand, for the three fuzzy numbers converted from the aggregated evalua-
tion for manufactory by their method [30], M1 = (0.20, 0.32, 0.44; 0.36),M2 =
(0.45, 0.56, 0.68; 0.48),M3 = (0.48, 0.57, 0.65; 0.12), the reasonable ranking or-
der should be M2 > M3 > M1, which is consistent with the truth that the
centroid point of M3 on the X-axis is larger than that of M1 on the X-
axis. However, Mohamad et al.’ method obtains the incorrect ranking order
M2 > M1 > M3. In addition, Mohamad et al.’ method can not solve the situ-
ations that when Z-numbers are converted to the symmetrical fuzzy numbers
with y axis, such as the fuzzy numbers shown in Fig. 6. About all, it is can be
seen that the proposed method can overcome the weaknesses of the previous
method.
5 Application of the proposed method to medical diagnosis
In this section, an application of the proposed method to medical diagnosis is
illustrated. From a patient’s symptoms, he may be suffering from three dis-
eases, namely, Common-cold, Meningitis and Measles. There are three experts
E1, E2 and E3, they respectively made three kinds of diagnoses (Common-
cold, Meningitis, Measles) represented by Z-numbers for the patient, which
are shown in Table 7. For example, the expert E1 diagnoses that the degree
of certainty of Common-cold is Very-high, and the measure of reliability of
his diagnosis is Very-high, which can be represented by Z11 = (A11, B11) =
(V ery − high, V ery − high). The corresponding linguistic terms are shown in
Table 8.
In Table 7, A denotes the degree of certainty of diagnosis made by the
decision-makers and B denotes the measure of reliability of A.
In order to solve the problem of the loss of information and enhance the re-
liability of the results, the BPAs obtained in Section 4 are fused by Dempster’s
combination rule. The procedure of the proposed medical diagnosis method,
as shown in Fig. 7, is detailed as follows:
Step 1: According to Section 3, calculate respectively the ranking score of the
two components A and B of diagnoses Z1, Z2, Z3 shown in Table 8. Take
the diagnoses of E1 in Table 8 as an example, shown as follows:
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Table 7 Linguistic Values of diagnoses made by three experts
Common-Cold Meningitis Measles
E1 Z11 = (A11, B11) Z12 = (A12, B12) Z13 = (A13, B13)
= (V ery − high, = (Low, = (Absolutely − low,
V ery − high) V ery − high) V ery − high)
E2 Z21 = (A21, B21) Z22 = (A22, B22) Z23 = (A23, B23)
= (Fairly − high, = (Low, = (Low,
High) High) V ery − high)
E3 Z31 = (A31, B31) Z32 = (A32, B32) Z33 = (A33, B33)
= (Low, = (Low, = (High,
V ery − high) High) V ery − high)
Table 8 Diagnoses of three experts are represented by linguistic terms
expert Z-numbers represented by linguistic terms
Z11 = ((0.93, 0.98, 1.0, 1.0; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0))
E1 Z12 = ((0.04, 0.1, 0.18, 0.23; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0))
Z13 = ((0, 0, 0, 0; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0))
Z21 = ((0.58, 0.63, 0.80, 0.86; 1.0), (0.72, 0.78, 0.92, 0.97; 1.0))
E2 Z22 = ((0.04, 0.1, 0.18, 0.23; 1.0), (0.72, 0.78, 0.92, 0.97; 1.0))
Z23 = ((0.04, 0.1, 0.18, 0.23; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0))
Z31 = ((0.04, 0.1, 0.18, 0.23; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0))
E3 Z32 = ((0.04, 0.1, 0.18, 0.23; 1.0), (0.72, 0.78, 0.92, 0.97; 1.0))
Z33 = ((0.72, 0.78, 0.92, 0.97; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0))
E1 E2 E3
Diagnose
Common-Cold Z1
BPA1
 Meningi!s Z2    Measles Z3
Get BPAs
Medical diagnosis result
BPA2 BPA3 BPA4
Fuse BPAs by  Dempster’s rule of combina!on
Fig. 7 Structure of medical diagnosis
Z(Common− Cold) = (A,B)
= ((0.93, 0.98, 1.0, 1.0; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0)),
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1
0.93 0.98 1
X
(0.93,0.98,1.0,1.0;1.0)A =
0
A
Fig. 8 The first component A of Z(Common − Cold) diagnosed by E1
Z(Meningitis) = (A,B)
= ((0.04, 0.1, 0.18, 0.23; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0)),
Z(Measles) = (A,B)
= ((0, 0, 0, 0; 1.0), (0.93, 0.98, 1.0, 1.0; 1.0)).
The first component A of Z(Common−Cold), A = (0.93, 0.98, 1.0, 1.0; 1.0)
shown in Fig. 8. The procedure of the ranking score of A is shown as follows:
xA =
∫ 0.98
0.93
x x−0.930.98−0.93dx +
∫ 1
0.98
x 1−x1−0.98dx∫ 0.98
0.93
x−0.93
0.98−0.93dx +
∫ 1
0.98
1−x
1−0.98dx
= 0.97,
hA = 1,
STDA =
√∑4
j=1 (xj − 0.9775)
2
4− 1
= 0.033,
H(A) = w1xA + w2hA + w3
1
1 + STDA
= 0.9813,
namely, HZ(Common−Cold)(A) = 0.9813.
In the same way, the ranking scores of all components can be calculated,
shown as follows:
HZ(Common−Cold)(B) = 0.9813,
HZ(Meningitis)(A) = 0.5101,
HZ(Meningitis)(B) = 0.9813,
HZ(Measles)(A) = 0.4460,
HZ(Measles)(B) = 0.9813.
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Step 2: Calculate respectively the deviation degree of diagnosis based on Eq.
(11). The deviation degree of the diagnoses of E1 can be obtained as fol-
lows:
D(Common− cold) =
√
0.7×(0.9813−1)2+0.3×(0.9813−1)2
0.7×(0.446−1)2+0.3×(0.446−1)2
= 0.0338,
D(Meningitis) = 0.7401,
D(Measles) = 0.8368.
Step 3: Generate BPAs of diagnoses. Firstly, the similarity measure between
diagnosis and the maximal reference number is calculated based on Eq.
(12). The similarity measure between the diagnosis of E1 and the maximal
reference number can be shown as follows:
S(Common− cold) = 1−D(Common− cold) = 1− 0.0337 = 0.9662,
S(Meningitis) = 1−D(Meningitis) = 1− 0.7402 = 0.2599,
S(Measles) = 1−D(Measles) = 1− 0.8369 = 0.1632.
This paper define that
S(Common− cold,Meningitis,Measles)
= 1−max(S(Common− cold), S(Meningitis), S(Measles))
= 1− 0.9662 = 0.0338.
Then, the obtained similarity measure S are normalized to obtain the BPAs
of the diagnoses of E1, shown as follows:
m(Common− cold) =
0.9662
0.9662 + 0.2599 + 0.1632 + 0.0338
= 0.6789,
m(Meningitis) =
0.2599
0.9662 + 0.2599 + 0.1632 + 0.0338
= 0.1826,
m(Measles) =
0.1632
0.9662 + 0.2599 + 0.1632 + 0.0338
= 0.1147,
m(Common− cold,Meningitis,Measles) = 0.0238.
In the same way, the BPAs of diagnoses of E2 and E3 can be calculated,
as shown in Table 9.
Step 4: Based on Eq. (2), the BPAs obtained in Step 3 are combined by ap-
plying Dempster’s combination rule. The fusing results are shown in Table
10.
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Table 9 The BPAs of diagnoses from three experts
m(Common-cold) m(Meningitis) m(Measles) m(Common-cold, Meningitis, Measles)
E1 0.6789 0.1836 0.1147 0.0238
E2 0.4746 0.1674 0.1718 0.1862
E3 0.1717 0.1675 0.5596 0.1012
Table 10 The fusing results by Dempster’s rule of combination
m(Common-cold) m(Meningitis) m(Measles) m(Common-cold,Meningitis,Measles)
fusing result 0.7085 0.1076 0.1814 0.0025
From the linguistic values of diagnoses in Table 7, it can be known that both
E1 and E2 tend to consider that the clinical patient is most likely to suffer
from the common cold, and is less likely to suffer from measles. However, E3
tends to consider that the clinical patient is most likely to suffer from the
measles, and is less likely to suffer from the common cold, which conflicts with
the diagnoses of E1 and E2. In Table 9, it can be seen that the obtained BPAs
are consistent with the above analysis.
The proposed method addresses the multiple sources and conflicting infor-
mation by using Dempster’s combination rule, and the fusing results are shown
in Table 10. From Table 10, it can be seen that the final result of diagnosis is
that the patient had a common cold, which is consistent with the truth that
two of three experts consider that the patient is suffer from the common cold.
From the obtained result of diagnosis, it can be seen that this method can
solve the issues of the uncertainty and the confliction of information and can
achieve a reasonable medical diagnosis.
To illustrate the effectiveness of Z-number modeling in medical diagnosis,
in the following, we will give a case that the reliability of information is not
considered. Now, all second components of Z-numbers are highest value 1, that
is B = (1, 1, 1, 1; 1), and the first components are the same as Table 8.
The new diagnoses are presented in Table 11. The new BPAs of diagnoses
from three experts are shown in Table 12, and the new fusing results by Demp-
ster’s rule of combination are given in Table 13.
Table 11 The new diagnoses of three experts are represented by linguistic terms
expert Z-numbers represented by linguistic terms
Z11 = ((0.93, 0.98, 1.0, 1.0; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
E1 Z12 = ((0.04, 0.1, 0.18, 0.23; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
Z13 = ((0, 0, 0, 0; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
Z21 = ((0.58, 0.63, 0.80, 0.86; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
E2 Z22 = ((0.04, 0.1, 0.18, 0.23; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
Z23 = ((0.04, 0.1, 0.18, 0.23; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
Z31 = ((0.04, 0.1, 0.18, 0.23; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
E3 Z32 = ((0.04, 0.1, 0.18, 0.23; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
Z33 = ((0.72, 0.78, 0.92, 0.97; 1.0), (1.0, 1.0, 1.0, 1.0; 1.0))
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Table 12 The new BPAs of diagnoses from three experts
m(Common-cold) m(Meningitis) m(Measles) m(Common-cold, Meningitis, Measles)
E1 0.4868 0.3689 0.1302 0.0141
E2 0.1711 0.1711 0.1711 0.4867
E3 0.1147 0.1827 0.5957 0.1069
Table 13 The new fusing results by Dempster’s rule of combination
m(Common-cold) m(Meningitis) m(Measles) m(Common-cold,Meningitis,Measles)
fusing result 0.3423 0.3420 0.3122 0.0035
From Table 13, it is obvious that the results are different considering the
reliability of information and without considering the reliability of informa-
tion. When the reliability of information is considered, the fusing diagnosis
suggests that the patient is most likely to catch a common-cold and is less
likely to suffer from meningitis. When the reliability of information is not con-
sidered, the fusing diagnosis suggests that the patient is most likely to catch a
common-cold and is less likely to suffer from measles. In fact, due to the char-
acteristics of medical diagnosis, more fuzzy concept and more uncertainties,
the reliability of information is very important. If only to rely on the function
of the first component, that is, without considering second components, there
may exist the limitation to appropriately describing reliability of information,
which leads to the incorrect result. Therefore, using Z-number to model is more
reasonable in some decision making environment such as medical diagnosis.
6 Conclusions
Human health has received so serious threat that the medical diagnosis be-
comes a very worthy of study. Various methods have been introduced to solve
the medical diagnosis problems. Due to the own characteristics of medicine,
more fuzzy concept and more uncertainties, fuzzy numbers, which have the
ability to deal with the fuzzy and uncertain information, can provide a won-
derful method for studying such issues. Since the reliability of the information
in the evaluation should be included, this paper proposed a useful medical
diagnosis method based on Z-numbers, where both the restriction and the
reliability of the information are taken into consideration.
The advantages of the proposed method include:
1) Firstly, in fact, due to the own nature of decision-making problems,
more fuzzy concept and more uncertainties, fuzzy number has been widely
applied in decision-making, since it could reasonably model and describe the
uncertain and fuzzy information. However, in the actual research, we found
that reliability of information in some decision-making environment, is very
important too. If only to rely on the function of the fuzzy numbers, there may
exist the limitation to appropriately describing reliability of information. In
order to solve this problem, Z-numbers are utilized to model and describe the
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diagnoses of decision-makers, and a novel ranking method for fuzzy numbers
is proposed to get BPAs of the diagnoses.
2) Secondly, in the procedure of addressing Z-numbers, there is a problem,
that is how to deal with the restriction and the reliability of Z-number. In
order to address the problem, in the procedure of dealing with Z-numbers, we
treat the Z-number as a whole, avoiding converting the second component to
a crisp number, which can avoid the loss of information.
3) Thirdly, in the application of Z-number, ranking Z-number is an impor-
tant issue. The proposed decision making methodology can effectively address
the issue, since the method can obtain reasonable and effective results by
comparing with the existing methods.
4) Fourthly, in the real decision making problems, the proposed method can
obtain reasonable and effective results, since the proposed methodology uses
Z-number as a whole to model, and generates BPAs by taking into account
the different importance of two components of Z-number.
5) Finally, Dempster’s combination rule is applied to obtain the final fusion
results, which could make the medical diagnosis decision more adequate and
reasonable. Compared with the existing methods, the proposed method pro-
vides a simple and effective method for medical diagnosis. At the same time,
this method can also be applied to other multi-attribute decision making.
Although the proposed method is demonstrated to be effective through
illustrative examples and in-depth discussion, there are still some aspects that
can be improved in the future studies. At first, within the proposed method
the difference in the importance between two components, namely assessment
value A and reliability measure B, of a Z-number is needed to be studied
further. Intuitively, these two components should have different importance.
But how to determine their weights is still an unsolved issue. In the paper,
the OWA operator is employed to generate the weighing vector without any
requirements for other information. Although this approach is not bad, there
is still a practical demand to obtain the weights of components A and B
in more reasonable and data-based ways. Second, in the proposed ranking
approach of two Z-numbers, in order to get the similarity measure between
test Z-number and reference Z-number, at present only positive ideal reference
is taken into consideration. However, as shown in many typical multi-criteria
decision making methods such as TOPSIS, the negative ideal reference may
be also very important. Therefore, in the future research, the positive and
negative ideal references will be investigated simultaneously to derive more
reasonable results and better performance.
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